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Nonconvex Nonsmooth Low-rank Minimization Problem Generalized Singular Value Thresholding (GSVT) Experiment: Low-rank Matrix Completion on Random Data
This paper aims to solve the following nonconvex nonsmooth problem Solving (3) requires computing the GSVT operator associated with g, i.e., Test on the following problem with different nonconvex surrogate functions
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AL F(X) = 21: g(ai(X)) + h(X), (1) Prox;(B) = arg min Z g(oi(X)) + §| X — B||%. (4) min Z gr(oi(X)) + 5\ Po(X — M)||Z, (8)
i= =1 =1
where oi(X)'s denote the singular values of X € R™" (assume m < n), and Theorem 2 Letg: R™ — R™ be a function such that ProX,(-) is monotone. Let where 2 is the index set, and Pq : R™*" — R™ " is a linear operator that
> h: R™" — R™ is a smooth function with Lipschitz continuous gradient, i.e., B = UDiag(o(B))V' be the SVD of B € R™". Then an optimal solution to (4) is keeps the entries in Q unchanged and those outside Q zeros.
IVAh(X) — Vh(Y)||F < L(h||IX =Yg, VX, Y € R™", X* = U Diag(o")V', (5) Compared methods: lteratively Reweighted Nuclear Norm (IRNN) [1].
where L(h) > 0 is called the Lipschitz constant of Vh. h is possibly nonconvex. where o* satisfies ot > 05> -+ > o, i=1,---,m, and \ N T
Examples: squared loss %||AX — b||? and logistic loss. * | 1 , S oag S ]
»g : R™ — R™ is continuous, concave and monotonically increasing on [0, c0). g IS 0j € Proxy(oi(B)) = arggg)ln g(oi) + E(Q’ —0i(B))”. (6) o \ / s
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E?(Z?nb ?/eS'OthSe rg):r: convex surrogate functions of La-norm Theorem 3 For any lower bounded function g, its proximal operator ProX,(-) is monotone, N \\ =
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SCAD _@2;(%9)%27 A< 0<h {0 WA << R / ?_5\ N S / | | | | | noise free case. (b) Relative error for a noisy case. (c) Convergence curves of algorithms.
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Logarithm oo2ylog(v6 + 1) TV oGt ) I i R RERRCL S B i FER s Figure: Plots of b v.s. Prox,(b) for different choices of g. Prox,(b) is monotone.
mep {2~z 10 <, A5 f0<aX(C) Logarithm (@) mep Computing Proxg(-) in (4) is equivalent to computing Prox(-) in (6).
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(€) Gemar (T) Laplace If g satisfies some assumptions, then it is easy to compute its proximal operator, i.e.,
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: _ : : Prox,(b) = argmin fy(x) = g(x) + =(x — b). (7)
Generalized Proximal Gradient (GPG) Algorithm for (1) x>0 2
Assumption 1 g: R" — R, g(0) = 0. g Is concave, nondecreasing and differentiable. The

» Since Vh(X) is Lipschitz continuous, we have gradient Vg Is convex. iy Gy : .~. _ e
h(X) < h(XK) + (Vh(XK), X — XK) + gHX _ XK1, W > L(h). 2) 'él;rl:cefc))(l;el_naét G/\(en g satisfying Assqutlonj . Denote x° = max{x|Vfy(x) =0,0 < x < b} . iale b AR I AAEL
= arg Min,c oz fo(X). Then x* is optimal to (7). (a) Original  (b) Noisy (c) APGL (d) IRNN (e) GPG  (f) PSNR & error
»Update X by Algorithm 1: A general solver to (7) in which g satisfying Assumption 1 Figure: Image inpainting by APGL, IRNN, and GPG.
kil . | K v vk | Hiy  wk2 Input: b > 0. | | » Low-rank matrix completion for collaborative filtering
AT =arg g Z 9(0i(X)) + (VAXT), X = X°) + ZHX G Qutput: Identily an optimal solution, § or . To predict the unknown preference of a user on a set of unrated items.
i1 2’ = max{z|V fy(x) = 0,0 < x < b} | o C |
m : > if Vg(b) = 0 then ~ Test on the MovielLens data set which includes three problems: moive-100K,
=argmin » g(ci(X)) + g X — (xk Vh(Xk)> | (3) | rewm B =b; moive-1M and moive-10M.
- H F // find 2 by fixed point iteration. - Normalized Mean Absolute Error (NMAE), i.e., ||Pq(X*) — Po(M)||1/|2|.
— arg min Prox‘fg (Xk 1 \V, h(Xk)> o iTel; (ﬁ 212232:;‘;131; Table: Comparison of NMAE of APGL, IRNN and GPG for collaborative filtering.
X T u Thir = b— Vg(zp): Problem size of M: (m,n) APGL IRNN GPG
Theorem 1 If i1 > L(h), the sequence {X*} generated by (3) satisfies the following if 751 <0 then moive-100K (943, 1682) 2.76e-3 2.60e-3 2.53e-3
properties: ;ﬁ;‘gﬁx =0 moive-1M (6040, 3706) 2.66e-12.52e-1 2.47e-1
(1) F(X¥) is monotonically decreasing. end moive-10M (71567, 10677) 3.13e-1 3.01e-1 2.89e-1
(2)klim (Xk — XkH) =0; dend
AN . . . . en 1 i Lu, et al. lized N N h Low-Rank Minimization, CVPR,
(3) If F(X) — +o00 when ||X||r — +oo, then any limit point of {X*} is a stationary point. Compare f;,(0) and f,(2°) to identify the optimal one. [Zgﬁény' U, etd. Generalized Nonconvex Nonsmooth Low-Rank Minimization, &
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