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Nonconvex Nonsmooth Low-rank Minimization Problem

This paper aims to solve the following nonconvex nonsmooth problem

min
X∈Rm×n

F (X) =
m∑

i=1

g(σi(X)) + h(X), (1)

where σi(X)’s denote the singular values of X ∈ Rm×n (assume m ≤ n), and
Ih: Rm×n → R+ is a smooth function with Lipschitz continuous gradient, i.e.,

||∇h(X)−∇h(Y)||F ≤ L(h)||X− Y||F , ∀ X,Y ∈ Rm×n,

where L(h) > 0 is called the Lipschitz constant of ∇h. h is possibly nonconvex.
Examples: squared loss 1

2||AX− b||2 and logistic loss.
Ig : R+→ R+ is continuous, concave and monotonically increasing on [0,∞). g is

possibly nonsmooth.
Examples: the nonconvex surrogate functions of L0-norm.

Penalty Formula gλ(θ), θ ≥ 0, λ > 0 Supergradient ∂gλ(θ)

Lp-norm λθp

{
∞, if θ = 0,
λpθp−1, if θ > 0.

SCAD


λθ, if θ ≤ λ,
−θ2+2γλθ−λ2

2(γ−1) , if λ < θ ≤ γλ,
λ2(γ+1)

2 , if θ > γλ.


λ, if θ ≤ λ,
γλ−θ
γ−1 , if λ < θ ≤ γλ,

0, if θ > γλ.

Logarithm λ
log(γ+1) log(γθ + 1) γλ

(γθ+1) log(γ+1)

MCP

{
λθ − θ2

2γ, if θ < γλ,
1
2γλ

2, if θ ≥ γλ.

{
λ− θ

γ, if θ < γλ,

0, if θ ≥ γλ.

Geman λθ
θ+γ

λγ
(θ+γ)2

Laplace λ(1− exp(−θ
γ)) λ

γ exp(−θ
γ)
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(a) Lp-norm
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(d) MCP

0 2 4 60

0.5

1

1.5

2

θ

P
en

al
ty

 g
( θ

)

0 2 4 60

0.2

0.4

0.6

0.8

θ

S
up

er
gr

ad
ie

nt
 ∂

 g
( θ

)

(e) Geman

0 2 4 60

0.5

1

1.5

2

θ

P
en

al
ty

 g
( θ

)

0 2 4 60

0.2

0.4

0.6

0.8

θ

S
up

er
gr

ad
ie

nt
 ∂

 g
( θ

)

(f) Laplace

Generalized Proximal Gradient (GPG) Algorithm for (1)

ISince ∇h(X) is Lipschitz continuous, we have

h(X) ≤ h(Xk) + 〈∇h(Xk),X− Xk〉 +
µ

2
||X− Xk||2F , ∀µ ≥ L(h). (2)

IUpdate X by

Xk+1 = arg min
X

m∑
i=1

g(σi(X)) + 〈∇h(Xk),X− Xk〉 +
µ

2
||X− Xk||2F

= arg min
X

m∑
i=1

g(σi(X)) +
µ

2

∥∥∥∥X−
(

Xk − 1
µ
∇h(Xk)

)∥∥∥∥2

F
,

= arg min
X

Proxσ1
µg

(
Xk − 1

µ
∇h(Xk)

) (3)

Theorem 1 If µ > L(h), the sequence {Xk} generated by (3) satisfies the following
properties:

(1)F (Xk) is monotonically decreasing.
(2) lim

k→+∞
(Xk − Xk+1) = 0;

(3) If F (X)→ +∞ when ||X||F → +∞, then any limit point of {Xk} is a stationary point.

Generalized Singular Value Thresholding (GSVT)

Solving (3) requires computing the GSVT operator associated with g, i.e.,

Proxσg (B) = arg min
X

m∑
i=1

g(σi(X)) +
1
2
||X− B||2F . (4)

Theorem 2 Let g : R+→ R+ be a function such that Proxg(·) is monotone. Let
B = U Diag(σ(B))VT be the SVD of B ∈ Rm×n. Then an optimal solution to (4) is

X∗ = U Diag(%∗)VT , (5)
where %∗ satisfies %∗1 ≥ %∗2 ≥ · · · ≥ %∗m, i = 1, · · · ,m, and

%∗i ∈ Proxg(σi(B)) = argmin
%i≥0

g(%i) +
1
2

(%i − σi(B))2. (6)

Theorem 3 For any lower bounded function g, its proximal operator Proxg(·) is monotone,
i.e., for any p∗i ∈ Proxg(xi), i = 1,2, p∗1 ≥ p∗2, when x1 > x2.

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
l1

b

P
ro

x g(b
)

(a) L1-norm

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3
lp

b

P
ro

x g(b
)

(b) Lp-norm

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3
mcp

b

P
ro

x g(b
)

(c) MCP

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3
logarithm

b

P
ro

x g(b
)

(d) Logarithm

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3
laplace

b

P
ro

x g(b
)

(e) Laplace

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2

2.5

3
geman

b

P
ro

x g(b
)

(f) Geman

Figure: Plots of b v.s. Proxg(b) for different choices of g. Proxg(b) is monotone.

Computing Proxσg (·) in (4) is equivalent to computing Proxg(·) in (6).

Proximal Operator of Nonconvex Function

If g satisfies some assumptions, then it is easy to compute its proximal operator, i.e.,

Proxg(b) = arg min
x≥0

fb(x) = g(x) +
1
2

(x − b)2. (7)

Assumption 1 g : R+→ R+, g(0) = 0. g is concave, nondecreasing and differentiable. The
gradient ∇g is convex.
Theorem 4 Given g satisfying Assumption 1. Denote x̂b = max{x |∇fb(x) = 0,0 ≤ x ≤ b}
and x∗ = arg minx∈{0,x̂b} fb(x). Then x∗ is optimal to (7).
Algorithm 1: A general solver to (7) in which g satisfying Assumption 1

Experiment: Low-rank Matrix Completion on Random Data

Test on the following problem with different nonconvex surrogate functions

min
X

m∑
i=1

gλ(σi(X)) +
1
2
||PΩ(X−M)||2F , (8)

where Ω is the index set, and PΩ : Rm×n → Rm×n is a linear operator that
keeps the entries in Ω unchanged and those outside Ω zeros.
Compared methods: Iteratively Reweighted Nuclear Norm (IRNN) [1].
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Figure: Results of low rank matrix recovery on random data. (a) Frequency of Success for a
noise free case. (b) Relative error for a noisy case. (c) Convergence curves of algorithms.

Experiment: Low-rank Matrix Completion on Real Data

ILow-rank matrix completion for image recovery

recovered image by APGL
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(f) PSNR & error
Figure: Image inpainting by APGL, IRNN, and GPG.

ILow-rank matrix completion for collaborative filtering
ITo predict the unknown preference of a user on a set of unrated items.
ITest on the MovieLens data set which includes three problems: moive-100K,
moive-1M and moive-10M.

INormalized Mean Absolute Error (NMAE), i.e., ||PΩ(X∗)− PΩ(M)||1/|Ω|.
Table: Comparison of NMAE of APGL, IRNN and GPG for collaborative filtering.

Problem size of M: (m,n) APGL IRNN GPG
moive-100K (943, 1682) 2.76e-3 2.60e-3 2.53e-3
moive-1M (6040, 3706) 2.66e-1 2.52e-1 2.47e-1
moive-10M (71567, 10677) 3.13e-1 3.01e-1 2.89e-1

[1] Canyi Lu, et al. Generalized Nonconvex Nonsmooth Low-Rank Minimization, CVPR,
2014.
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